2 -metric is used to find the distance between triangular fuzzy numbers. The mean and variance of a fuzzy random variable are also determined by this concept. The hazard rate is estimated and its relationship with mean residual life ordering of fuzzy random variable is investigated. Additionally, we have focused on deriving bivariate characterization of hazard rate ordering which explicitly involves pairwise interchange of two fuzzy random variables and .
Introduction
Fuzzy random variables generalize random variables and random sets. Kwakernaak [1] introduced the concept of a fuzzy random variable as a function : Ω → ( ) where (Ω, , ) is a probability triple and ( ) denotes the set of all canonical fuzzy numbers. Puri and Ralescu [2] defined the notion of fuzzy random variable as a function : Ω → ( ) where (Ω, , ) is a probability space and ( ) indicates all functions : → [0, 1]. In real life situations, life times of machines and components are expressed in terms of linguistic variables with imprecise boundaries. In such cases, fuzzy random variables are only capable of dealing with the vague data. In survival or reliability studies, the hazard rate is an important characteristic. In life testing situations, the expected additional life time given that a component has survived until is function of known as mean residual life. The hazard rate and mean residual life have been employed in life length studies by various authors. The properties of mean residual function can be found in Ruiz and Navarro [3] , Gupta [4] , Gupta and Olcay Akman [5] , and Finkelstein [6] . Akbari et al. [7] described a bootstrap method for estimating the variance that was designed for the testing of hypotheses problem for fuzzy data based on the 2 metric.
The concept of aging plays a significant role in reliability and maintenance theory in demography and in other life sciences. Notions of aging describe how an object improves or deteriorates with the passage of time. The concept of fuzzy reliability is increasingly receiving expanded interpretation in the literature. Hence, this paper deals with the fuzzy hazard rate, bivariate functional representation of hazard rate ordering of fuzzy random variables, fuzzy mean residual life functions, and their corresponding stochastic orderings for their meaningful and realistic endeavors. It is established that increasing failure rates in the fuzzy sense imply the decrease in fuzzy mean residual lives.
Shanthikumar and Yao [8] have introduced the concept of bivariate characterization of stochastic order relation with an application to single machine stochastic problem for random variables. Imprecise processing times, different work places, environmental conditions, and so forth, which are the factors involved in job scheduling problem, are fuzzy in nature. Itoh and Ishii [9] have proposed one machine scheduling problem with fuzzy random environment. Piriyakumar and Ramasubramanian [10] discussed bivariate characterization of likelihood ratio ordering of fuzzy random variables. Hence, we have extended our work to bivariate characterization of hazard rate ordering of fuzzy random variables. This paper is organized in the following manner. The preliminaries have been explained in Section 2. In Section 3, triangular fuzzy number is defined; the mean and variance of a fuzzy random variable have been obtained by using 2 metric. In Section 4, the fuzzy hazard rate function is determined. Section 5 focuses on the concept of fuzzy hazard rate function and fuzzy mean residual life function and their relationship. Bivariate characterization of hazard rate ordering which explicitly involves the interchange of fuzzy random variables is proposed in Section 6.
Preleminaries
Definition 1. Let be a universal set; then a fuzzy set̃= {( , ( ))/ ∈ } of is defined by its membership functioñ:
Definition 2. For each 0 ≤ ≤ 1, the -cut set of̃is denoted bỹ= { ∈ :̃( ) ≥ }.
Definition 3.
A fuzzy number is a fuzzy set of such that the following conditions are satisfied:
(i)̃is normal if there exists ∈ such that̃( ) = 1.
(ii)̃is called convex if̃ Given a real number , we can induce a fuzzy number̃with the membership functioñ( ) such that̃( ) = 1 and ( ) < 1 for ̸ = . We saỹis a fuzzy real number induced by the real number . Let (R) be a set of all fuzzy numbers induced by the real number system . We define the relation ∼ on F as̃1 ∼̃2 if and only if̃1 and̃2 are induced by the same real number̃. Then ∼ is an equivalence relation. This induces the equivalence classes [̃] = {̃/̃∼̃}. The set of all equivalence classes induced by ∼ is denoted by (R)/ ∼.
Then the cardinality of ( (R)/ ∼) is equal to the cardinality of the real number system . This claim is justified by the bijection map → ( (R)/ ∼) specified by → [̃]. We call ( (R)/ ∼) the fuzzy real number system. For practical reasons, we consider any one of the elements from the equivalence class [̃] to form the fuzzy real number system
If the fuzzy real number system ( (R)/ ∼) consists of canonical fuzzy real numbers, then we call ( (R)/ ∼) the canonical fuzzy real number system.
Definition 4.
We define the distance between two canonical fuzzy numbers using 2 metric in the fuzzy real number system ( (R)/ ∼), where ∼ is the equivalence relation inducing For each -cut of̃∈ (R ), the support functioñis defined as̃( ) = Sup ∈̃⟨ ⟨ , ⟩⟩, ∈ −1 where −1 the
, wherẽ ,̃∈ (R ) and 2 
Here denotes the Lebesgue measure on −1 [7] .
Mean and Variance of Fuzzy Random Variables
In real life situations, the life time of consumer based products is expressed by the masses in terms of linguistic variables rather than specific numeric quantities. 
(1)
Definition 5. Let ( (R)/ ∼) be a fuzzy real number system and let̃: Ω → ( (R)/ ∼) be a closed fuzzy valued function.̃is a fuzzy random variable if and only if̃and are random variables of [2] .
Definition 6. If̃is a fuzzy random variable, the expected value of̃is the unique fuzzy subset of R denoted bỹ( ) such that, for all
Definition 7. The variance of a fuzzy random variableõ n the basis of 2 metric is defined as
Hazard Rate Function
Hazard rate is the frequency with which a component fails.
The failure rate of a system usually depends on time with the rate varying over the life cycle of the system. Let1,2, . . . ,̃, be independent and identically distributed fuzzy random variables.
As̃= (̃) and 2 → Var(̃) by central limit theorem,̃∼ ( − )/( /√ ) follows normal distribution (̃, /√ ) as → ∞. Generally, the random variable is said to be normally distributed with mean and variance 2 when the probability density of is ( ) = (1/ √ 2 )
. The (0, 1) distribution is called the standard normal distribution. The distribution function of the standard normal distribution is usually denoted by (⋅). The probability density of the standard normal distribution is ( ) = (1/ √ 2 )
The distribution function may be written as ( ) = Pr( ≤ ) = (( − )/ ).
The reliability function is ( ) = 1 − (( − )/ ).
Then the failure rate function of the normal distribution is
Using this concept, we can determine the failure rate function of the normal distribution with meañand variance /√ as
where the mean and variance have already been determined in the previous Section 3.
Mean Residual Life
The probability that the time of age survives an additional interval of length is ( / ) = ( > + / > ) = Pr( > + )/Pr( > ) = ( + )/ ( ). ( / ) is called the conditional survivor function of the item at age . The mean residual life (MRL) of the item at age is MRL(
Definition 8. Let and be two nonnegative fuzzy random variables with continuous fuzzy distribution functions and , respectively, and with hazard rate functions and , respectively. Then is said to be smaller than in the hazard rate order denoted as ( ≤ hr ) if ( ) ≤ ( ) and ( ) ≤ ( ) for each ∈ (0, 1]. 
This completes the proof.
Bivariate Characterization of Hazard Rate Ordering of Fuzzy Random Variables
In actuarial science, finance, and economics stochastic orderings are employed to compare the appealing nature of different risks and are essential in the theory of decision making under uncertainty. Applications are known in numerous scientific fields like queuing theory, reliability theory, demography, and Biostatistics. Stronger stochastic orders include the likelihood ratio order and the hazard rate order. These representations explicitly involve pairwise interchange of variables. These orderings have interesting applications in single machine stochastic scheduling problem, queueing network, and problems involving stochastic life times. In this section, the focus of this study is to constitute bivariate functional representations for the hazard rate ordering which explicitly involves pairwise interchange of fuzzy random variables.
Wang and Zhang [12] The concept of probability density function of a fuzzy random variable was proposed by Wu [13] . Let and have the same continuous probability density function ( ). If we construct an interval
then this interval will contain all probability density functions associated with each of ∈ [̃,̃]. The probability density function of̃is̃(̃) and the membership function of̃(̃) is denoted bỹ( ) ( ) = sup 0≤ ≤1 1 ( ). Let ( ) = ⋃ ∈(0,1] [ ( ), ( )] be a fuzzy random variable. If the probability distribution functions of ( ) and ( ) are ( ) and ( ), then the probability density function of the fuzzy random variable is
Definition 11. Let and be two nonnegative fuzzy random variables with probability density functions ( ) and ( ), respectively. Let ≥ lr denote the likelihood ratio ordering. We say ≥ lr if and only if ( ) ( ) ≥ ( ) ( ) and ( ) ( ) ≥ ( ) ( ) for each ≥ , and ∈ (0.1].
Theorem 12. Let and be fuzzy random variables and let
= denote the equality in distribution. Then ≥ if and only if for two independent fuzzy random variableŝand̂such that̂= and̂= one has (̂,̂) ≥ (̂,̂); ∀ ∈ ℎ [10] .
Lemma 13. Let and be two random variables. We say
Definition 14. Let and be two nonnegative fuzzy random variables with probability density functions ( ) and ( ), respectively, and their survival functions are ( ) and ( ).
We say ≥ hr if and only if
for each ≥ , and ∈ (0, 1].
Definition 15. Let hr be the collection of bivariate function : 2 → which is defined as follows: 
This implies
Dividing both sides by Δ ΔV and letting Δ , ΔV → 0, we obtain ( ( )) ( ( )) ≥ ( ( )) ( ( )) ; ∀ ≥ . 
See [10] . This implies Δ (̂,̂) ≥ 0;
i.e., Δ ( ⋃ 
Conclusion
In this paper, the hazard rate of fuzzy random variables has been determined. The interwovenness of fuzzy hazard rate orderings and fuzzy mean residual life orderings is established. As a result, it is established that increasing failure rates in the fuzzy sense imply the decrease in fuzzy mean residual lives. It helps the consumers make decision for selecting the products. Bivariate functional representations for the hazard rate ordering of fuzzy random variables explicitly involving pairwise interchange of variables have also been obtained.
